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Statistical Behavior of a Turbulent Multicomponent

Mixture with First-Order Reactions

Yra-Ho Pao*
Boeing Scientific Research Laboratories, Seatile, Wash.

The dilute turbulent concentration fields of a multicomponent mixture with any type iso-
thermal first-order reaction are investigated. For certain given initial conditions, the reacting
concentration fields are related to the nonreacting case provided that the diffusivities of all
species with respect to the main solution are equal. This enables us to utilize some known
resulis of turbulent mixing to estimate the rate of decay and/or growth of the reacting turbu-
lent concentration fields. For the case of stationary turbulence with first-order reactions and
with nonequal diffusivities, where the Reynolds number and Péeclet number are large, the
small-scale structure of the turbulent concentration fields are investigated under the assump-
tion of local isotropy and local homogeneity. A unified concept for spectral transfer at large
wave numbers is proposed which, in ¢ssence, is a generalization of the Onsager-Corrsin spectral
transfer concept. With this unified spectral transfer concept, as well as other coneepts, the
reacting concentration spectrum functions are deduced for three wave number ranges: 1) the
inertial-convective range, 2) the viscous-convective and viscous-diffusive range for large

Schmidt numbers, and 3) the inertial-diffusive range for small Schmidt numbers.

1. Introduction

HE complexities of turbulence have long been revealed,
but are far from being completely understood. Despite
continuous efforts, it still defies a thorough theoretical treat-
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ment, and reliable turbulence measurements are tedious and
hard to obtain. The difficulties are mainly due to its ran-
domness, nonlinearity, and inherent three-dimensionality.
With the added complexity of chemical reaction in turbu-
lent flow, the problem becomes even more intractable. For-
tunately, there are some partial theories, well supported by
observations and experimental results, which enable us to
understand the phenomena of turbulence and turbulent mix-
ing to a certain extent. Based on these, some problems of
turbulent mixing with chemical reaction can be investigated.
For an exploratory account of the statistical theory of turbu-
lent mixing with chemical reaction, the reader is referred to
an article by Corrsin.! (’Brien? has investigated the sta-
tistical behavior of the reactant of a first-order irreversible
reaction in isotropic turbulence by using the zero fourth-
cumulant approximation. However, the numerical compu-
tation shows that the approximation leads to negative con-
centration spectrum functions.? Corrsin® ® has obtained
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Table 1 A, for various first-order reactions,* 0,(%, t) = M(X, t)A,(%)

First-order reactions A1 A2 As
Irreversible (S, = Ss) eot 1 — eat
@1 = —@2 = —ael
a
Reversible (8 = 8z) (a + b)"1(b + ge—(a+b)) a(a 4 b)=t (L — e~@+d))
b
P = —P, = — a6 + bez
Parallel irreversible (8, 5 Sz, St = 8s) g~ (atb)t ala + b)=1(1 — e~@+d)t)  blg + b)~1 (1 — g—a+be)
® = —(a + b)el, q’z = a,el, q’z = b81
Consecutive irreversible (S; 5 Ss — 83) et ala — b) 1 (e — e7¢t) 1 4 (a — b)7(be~et — ge~bt)
® = —aO;, Py = ad, - bez, P; = bO,

@ Initial conditions: @1(x, 0) = M(x, 0), 6:(x, 0) = 0, €s(x, 0) = 0.

the stationary concentration spectrum functions of the re-
actant and the product of a first-order irreversible reaction
at large wave numbers.

In this analysis, we are interested in the behavior of the
turbulent concentration fields of a multicomponent mixture
with first-order reactions. The term “first-order reactions”
is used in the broad sense; it includes all types of first-order
reactions, such as the reversible, irreversible, parallel, con-
secutive, and pseudo first-order reactions, etc. Generally
speaking, the chemical reactions evolve or absorb heat,
change the fluid properties, and affect the fluid motion. The
general problem is rather difficult to handle. In order to
obtain some idea of the problem of turbulent mixing with
chemical reactions, it is idealized to a certain extent. The
species present are assumed to be dilute. The heat of reac-
tion is assumed to be negligible, the reaction is then taken to
be isothermal. The fluid total density p, the kinematic vis-
cosity », the molecular diffusivity of species u with respect
to the solution D, and the reaction-rate coefficient ¢, are taken
to be constant. The interspecies diffusion is assumed to be
negligible. Under these restrictions, neither the reactants nor
the products of reaction can exert any influence on the fluid
motion, and they are dynamically passive. The foregoing
assumptions may perhaps be realized for dilute reactants
in liquid solution.

Under the restrictions given previously, the governing
equations are: the Navier-Stokes equations,

(0/o)U + (U-V)U = —(I/p)Vp + »WU  (L1)
the equation of continuity,
v-U=20 (1.2)

and the convective diffusion equations with chemieal reaction
(in this analysis, symbols with Greek subscripts are not
tensors, thus the summation convention is not applicable to
Greek subseripts) :

(00,/0t) + U-VO, = D,V0, + D,
w=1,23,...¢species (1.3)

where 0,(x, t) is the concentration field of species u, U(x, ¢) is
the velocity field, and ®, is the rate of change of ©, due to
the chemical reaction. For first-order reactions,

g
P, = 21 CwOx = €01 + €0 + ...+ 0B (1.4)
Relation (1.3) is a set of partial differential equations mu-
tually coupled by the reaction-rate term ®,. They are
also coupled with the Navier-Stokes equation (1.1) and the
continuity equation (1.2).
For later convenience, let us define the velocity and con-
centration fields in the usual way,

U(X; t) = <U(X, t)> + u(X; t)) e#(x; t) =
<e,u(x» t)) + 6.z, 1) (1.5)

where the angular brackets indicate ensemble averages,
{U) and (B,) are the ensemble mean of the velocity and con-
centration fields, respectively, and u and 6, are the fluctua-
tions about their respective means. Furthermore, let M (x, )
be the concentration field of a nonreactive species, M (x, t)
= (M(x, t)) + m(x, t), which obeys the convective diffusion
equation,

/WM + U-vM = DVM (1.6)

For simplicity, we shall hereafter refer to the case of turbu-
lent mixing without chemical reaction as the pure mixing
case.

In the following sections, we shall investigate 1) the decay
and/or growth of the turbulent concentration fields of a
multicomponent mixture with first-order reactions and equal
diffusivities, and 2) the stationary concentration spectrum
functions at large wave numbers (thus small-scales) of a
multicomponent mixture with first-order reactions and with
equal or nonequal diffusivities in stationary turbulence.

2. Decay and Growth of the Concentration
Fields with First-Order Reactions and
Equal Diffusivities

It will be shown in this section that, for certain given initial
conditions, the reacting concentration fields ©,(x, ) can be
related to the nonreacting concentration field M(x, {) by
certain relations, provided that the reactions are first-order
and the diffusivities of all species are equal, ie., D; = D, ..
= Dp = D.

Given the initial condition, at ¢ = 0,

O,u(x, 0) = M(x, 0)A,(0)
This initial condition suggests a possible relation
0.(x, 1) = M(x, HA,() =12 ...¢species (2.2)

where A, (f) is the function to be determined.
If we put (2.2) into (1.3), with some rearrangement, we
obtain

o1
ot

p=12 ...¢species (2.1)

+U-VM = DVM + j:—l L

¢
) (2 e — 7.1?) @.3)

By demanding

§ dA,

xZ=:1 .- i 0 w=12 ...
then (2.3) reduces to (1.6). Thus, we have shown that, for
the given initial condition (2.1), ©,(x, £) can be related to
M(x, t) by (2.2) for properly chosen A,. A, is determined
by (2.4), which is a set of simultaneous first-order ordinary
differential equations and can be solved. In Table 1, we
list the solutions of A,(f) for 1) first-order irreversible
reactions, 2) first-order reversible reactions, 3) parallel first-
order irreversible reactions, and 4) consecutive first-order

, { species  (2.4)
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irreversible reactions. Taking ensemble averages of (2.2),
we obtain

©ulx, ) = M(x, ))Au0) (2.5)
Subtracting (2.5) from (2.2), we have
0.(x, t) = m(x, DALQ) (2.6)
Consequently,
(8.2(x, ) = (ma(x, £)A,2() @7

(Bu(x, 0,(x', 1)) = (m(x, )ym(x’, D)ABA(), ete.  (2.8)

Corrsin! and O’Brien? found the relation between the reactant
concentration of a first-order irreversible reaction and that
of pure mixing. Corrsin® has further found the relation
between the produet concentration of a first-order irreversible
reaction and that of pure mixing by conjecturing that the
fluctuating reactant and product concentration fields are
perfectly correlated, ie., (8.0,) = {(0,5)Y¥8,)V2. This
conjecture, as can be shown from (2.6-2.8), is indeed a valid
one, provided that the diffusivities are equal. The relations
obtained by Corrsin and O’Brien are special cases of relations
(2.5-2.8).

The approach used previously can be further extended to a
more general initial condition, where the 0, field is, initially,
a linear combination of M fields, i.e.,

J
0u(x,0) = D Mi(x, 0)A,4(0) (2.9
I=1

where M:, M,, . . ., M, are the nonreacting concentration
fields with the same diffusivities, but different initial condi-
tions. Each M; obeys the convective diffusion equation
(1.6). Similarly, the initial condition (2.9) suggests the
relation v

J
0u(x, D) = 3 Milx, )Au() (2.10)
I=1
Putting (2.10) into (2.3), we obtain

J oM
Ap | = +U-YM;, — DVM,) =
= of

J £ dA
Z M, (Z Curll1 — W”) (2.11)
I=1

x=1

Thus, if A,; are so chosen that

$ dA
Z c[u(AxI - WM = 0 M

I1=123...0 (212

I

1,2, 38, ... species

Then, with the given initial condition (2.9), (2.10) relates
the nonreacting concentration fields My, M, ..., M to the
reacting concentration field ©,.

Relations (2.2, 2.5-2.8, and 2.10) are most useful for pure
initial value problems. They enable us to understand the
phenomena of turbulent mixing with first-order reactions
through some known results of pure turbulent mixing; we
shall discuss two cases.

2.1 Homogeneous Turbulent Mixing with First-Order
Reactions and Equal Diffusivities

For very large turbulence Reynolds numbers, Be = (u)\/v)
> 1, and turbulence Péclet numbers, Pé = (uA,/D) > 1,
by assuming self-preservation in the “initial period of decay,”
one obtains?

(m2)y ~ (¢ — t) %2 (2.13)

where #, is the apparent initial time, u = (u?)Y/%, \ is the micro-
scale of turbulence, and N, is the microscale of the turbulent
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scalar field. Measurements of temperature and concentra-
tion fluctuations behind a grid”-® give some support to
(2.13). Then, from (2.7) and (2.13), the decay or growth
of concentration fields with first-order reactions in the “initial
period of decay” are

(0.5 ~ (¢ — &) 732A2(0) (2.14)

For very small turbulence Reynolds number and Péclet
number, {(m?2) varies in the “final period of decay’’ as®

(m?) ~ (& — )=/ (2.15)

where f, is an apparent initial time. Then, with first-order
reactions,

(0.2 ~ (t — t)7¥2A2() (2.16)

where the special case of first-order irreversible reaction was
obtained by Corrsin.!

2.2 Convective Diffusion of a Small Blob in Isotropic
Turbulence with First-Order Reactions and Equal
Diffusivities

Townsend! investigated the diffusion of a heat spot in iso-
tropic turbulence. He proposed a uniform straining model
and the results deduced from it agreed quite well with meas-
urements of heat spots in grid turbulence in the “initial period
of decay.” Neglecting viscous dissipation, the temperature
variation obeys (1.6), where 9 is then the thermal diffusivity.
Taking M as the temperature difference from ambient tem-
perature, Townsend obtained

3 2
(M ) = Ma0 T exp<— ;l—) @.17)
o=
where

3
M. = A4 TI 2V2(Diyl,) 1 (2.18)

p=1

_ 23)% If_ E QaPtu
YT 2an [(t) - (t) | ew

where a, = (au, as, a3) are the turbulent straining rates along
the principal axes z, = (x1, &3, Z3), respectively. Thus, for
a small reacting blob in isotropic turbulence, the concentra-
tions of the reactant and the product of a first-order reaction
vary as, from (2.5) and (2.17),

and

3 1.2
0,x,1) = M) A, TT exp<~ —~’5—> (2.20)

et 27,2

provided that all species present have equal diffusivities.

3. Small-Scale Structure of Turbulent
Concentration Fields with First-Order Reactions

In the following analysis, we shall investigate the small-
scale structure of the turbulent concentration fields with
first-order reactions and with either equal or nonequal dif-
fusivities, where the turbulence Reynolds number and Péclet
number are large. A unified concept for spectral transfer
at large wave numbers will be proposed, which in essence is a
generalization of the Onsager'-Corrsin® ® spectral transfer
concept. Under the assumption of local isotropy and local
homogeneity, the reacting concentration spectra at large
wave numbers will be deduced with the unified spectral
transfer concept as well as other concepts; the results will be
compared and discussed.

As we shall extend the concepts established for the pure
mixing case to the reacting case, it is advantageous at this
point to briefly review some pertinent concepts and results
for the pure mixing case.
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For large turbulence Reynolds number and Péelet num-
ber, Obukhov'? and Corrsin'? extended Kolmogorov’s univer-
sal equilibrium hypothesis!* ** to turbulent mixing problems.
They obtained the concentration spectrum through dimen-
sional reasoning as

F(k) ~ xe V33 3.1)

This applies to the inertial-convective range of wave numbers,
L7 <k« (e/y)for (/D) > 1 3.2)

L7« k < (¢/DH)Vfor (/D) < 1 (3.3)

as clarified by Batchelor.® x is the rate of change of {m?)
by diffusion, e is the turbulent energy dissipation rate, and
L is the integral length scale of the turbulent concentration
field.

For large Schmidt number (v/®) > 1, Batchelor’® points
out that there can exist a viscous-convective range

(/v K kb & (e/yDYY4 (3.4)
and a viscous-diffusive range
(e/vDHYV* < k (3.3)

He further introduced the uniform straining concept for this
range, and obtained

Fk) ~ —xy~ % exp{ Dy k?} (3.6)

where v ~ —3(e/¥)V2. Recent measurements® of salt con-
centration fluctuation behind a grid gives partial support to
this result. Corrsin® % extended Batchelor’s'® “Lagrangian
analysis” to the irreversible first-order reaction. As will be
seen in Sec. 3.2.2, for a reacting multicomponent system, it is
simpler to apply Batchelor’s'® “Eulerian analysis,”” especially
for the cases of nonequal diffusivities.

Batchelor, Howells, and Townsend? considered the case of
small Schmidt number (»/0) < 1 for which there can exist
an inertial-diffusive range

(e/ DN < |k « (e/v?)Vt (3.7)
and they obtained
Fk) = xeV3H—3k—1/3 (3.8)

The concept introduced by Batchelor, et al. is used by
Corrsin® to obtain the spectral shape of the reactant of an
irreversible first-order reaction. It will be shown in See.
3.2.3, with the help of relations (2.6-2.8), that the concept
can be applied to any first-order reaction with equal diffusivi-
ties.

3.1 A Unified Concept for Spectral Transfer
at Large Wave Numbers

In the inertial-convective range, the simple dimensional
reasoning of the Kolmogorov type does not work for the
reacting cases. This is due to the added parameters like the
reaction-rate coefficients. To handle the reacting cases,
Corrsin® % extended Onsager’s crude spectral transfer con-
cepts for turbulent dynamics to turbulent mixing with or
without reaction. The Onsager-Corrsin spectral transfer
concept can be summarized as follows* * 11: the spectral
cascade is visualized as a geometric progression of wave
number steps with a factor of two, so that Ak ~ k. The
characteristic time interval Ar for a step depends on the
velocity spectrum E(k); thus, the simplest dimensional
possibility is

Ar(k) = k—#2-u (3.9)
Then,
spectral flux of m across k =~ Fk/Ar (3.10)

In the inertial-convective range and the viscous-convective
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Fig. 1 Cascading process of a spectral element.

range, the spectral content is conserved for the nonreacting
case; thus

d (Fk
7 <E’> =0 (3.11)
For the reacting spectrum function G(k), Corrsint 5 further
proposed that
d (Gk
T <E— f) =0 (3.12)

The difficulty of this approach is finding f(k). TUsing this
approach, Corrsin* % obtained the reactant and the produect
concentration spectra of an irreversible first-order reaction
with equal diffusivities in the inertial-convective range and
the viscous-convective range. Pao®® applied this approach
to the case of reversible first-order reactions with equal
diffusivities.

In this section, we shall propose a unified concept of spectral
transfer at large wave numbers which enables us to deduce
the concentration spectrum functions of a nonreacting
species as well as a reacting multicomponent mixture in all
the large wave number ranges and for the cases of equal or
nonequal diffusivities. This unified spectral transfer con-
cept, in essence, is a generalization of the Onsager-Corrsin* 5. 11
concept, but it does not require the idea of geometric pro-
gression of wave number steps with a factor of 2. We shall
again follow the migration of a spectral element to ever larger
wave numbers (Fig. 1). Let the rate that an m-spectral
element is transferred across k be s(k) = dk/dr. Then,

spectral flux of m across k = F(k)s(k) (3.13)

As one can see, (3.13) can be made equivalent to (3.10) by
letting s(k) = k/Ar. The advantage of (3.13) is that it is
an exact relation and the argument that leads to (3.13) does
not require the concept of geometric progression of wave
number steps with a factor of two. In addition to esti-
mating s(k) for the inertial-convective range and the vis-
cous-convective range for large Schmidt numbers, we shall
obtain s(k) for the inertial-diffusive range for small
Schmidt numbers by physical reasoning. Furthermore,
we shall formally incorporate (3.13) into the m-spectral
equation, which can readily be extended to the case of a
reacting multicomponent mixture with equal or nonequal
diffusivities. First, let us write down the covariance equa-
tion for the fluctuating concentration field of a nonreactive
species m(x, t),°

[9 - z:ov,z] (mm)(r, ) =

ot
{(w — ) -V, (mm ), ) = Z@r, 8 (3.14)
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b) PR vsk: (»/D) = 1/26.5. [k = k/(er3)V4,
F(k) = F(k)/F(ks)]

Fig. 2 Sample concentration spectrum at large wave numbers of a nonreacting species: small Schmidt number.

where local homogeneity and local isotropy have been as-
sumed (as is appropriate for small r). m’ is written for
mx+1,1).

The transforms of {(mm'){r, t) and Z(r, t) are defined as®

Flk, t) = 7—2rﬁ)w Er{mm")(r, t) sinkr dr
(3.15)
2 e .
TGk b) = = j; kr Z(r, ) sinkr dr

F(k, t) is the spectrum function of m. The inverse transforms
are®

') r, ) = [ PGk, t)%’"dk

3.16
sinkr ( )

Z(r, t) = fo Tk, O 22T db
Transform (3.14), and then for the stationary spectrum, i.e.,
(0/2t) = 0, we obtain
2Dk (k) = T(k) (3.17)
Then
fk Ty (k)dk = the spectral flux of m across & (3.18)

Equating (3.18) to (3.13), we have
fk " Tk = F()stk) (3.19)
Thus,
Tk) = —(d/dk)(Fs) (3.20)
Combining (3.17) and (3.20), we obtain
2DE2F = —(d/dk)(Fs) (3.21)

This is the equation for determining the m spectrum at large
wave numbers. s(k) is to be obtained for various wave
number ranges by physical reasoning.

In the inertial-convective range, the cascadng of the spec-
tral element is expected to depend mainly upon the turbulent
energy flux e. Dimensional reasoning gives

s(k) = leV/s k33 (3.22)

where [ is a dimensionless constant. Furthermore, the vis-
cous and diffusive effects are negligible in this range, thus
(3.21) can be further simplified as

(d/dk)(Fs) = 0 (3.23)

This can be made identical to (3.11) by letting s = k/Ar.
Combining (3.22) and (3.23), one obtains

F(k) ~ e 13 i3 (3.24)

which is the same form as obtained by Corrsint and is consist-
ent with (3.1).

In the viscous-convective range and viscous-diffusive range for
large Schmidt numbers, we use Batchelor’s concept® that
the transfer of spectral content is mainly controlled by the
straining motion associated with small eddies. Therefore,
s(k) mainly d-vends on the local least turbulent straining
rate y. Dimensional reasoning gives

s(k) = nvk (3.25)

where » is a dimensionless constant. Equation (3.25) again
is equivalent to Corrsin’s proposal* ® that Ar ~ —y~L.
Combining (3.25) and (3.21), we obtain

Fk) ~ k™2 exp{(—nD/v)k} (3.26)

which is consistent with (3.6). Equation (3.26) reduces to
(3.6) exactly by lettingn = —1.
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In the inertial-diffusive range for small Schmidt numbers,
the turbulent energy spectrum is still in the inertial-sub-
range. The cascading process is again dependent on the
turbulent energy fluxe. Thus,

s(k)y = lel/? /3 (3.27)

is the same as the s(k) for the inertial-convective range
(3.22). However, the diffusive term in (3.21) can no longer
be neglected in this range. Combining (3.27) and (3.21),
we obtain

F(k) = Nk exp{— ; - [@/%S)Tm:rw} (3.28)

where N is a constant. Equation (3.28), in fact, is a unified
spectral representation for both the inertial-convective
range and the inertial-diffusive range for (»/D) < 1. For
k < (e/DHV4 1 = 0(1), then (3.28) reduces to F (k) ~ k%3,
A sample calculation of (3.28) is plotted in Fig. 2. In the
inertial-diffusive range, a portion of the curve behaves like
k=113 but decreases much faster for higher wave numbers.

To apply the unified spectral transfer concept to the case
of a reacting turbulent multicomponent mixture with equal
or nonegual diffusivities, let us first write down the governing
equation of the fluctuating concentration field of species
— u with first-order reactions 6,(x, t):

of
b—t”' —I— U‘Vgu = gDyme + Pu
uw=1,2 ... species (3.29)

where local isotropy and local homogeneity have been as-
sumed. ¢, is the rate of change of 8, due to chemical reac-
tion (®, = (®,) + ¢,). Thus, for the first-order reactions,

¢
Pp = Z Cuxlx (3.30)

x=1

The covariance equations for 8,(x, {) and 8,’(x’, t), with local
isotropy and local homogeneity (as is appropriate for small
1), are

[(0/08) — (Dy + D)IV210,6,) — ($u0,") — (0:9.) =
(@ — ) v.(8,0,)) = Z,0r, 6 (3.31)

where
¢
<6u¢1/,> = Z CV)\<0H07\I> <332)
A=1
¢
($ub,') = Z_}l unl0x0,") (3.33)

Defining the transform, as before,

Gonll, £) = 7% [ kr (8800, 0 sinkrdr  (339)

T,k 1) = 7% fo ® krZ,,(r, §) sinkrdr  (3.35)

G, 18 the spectrum function of species —pu. Assuming the
spectrum functions are stationary, the transform of (3.31)
becomes

;
D+ DIGCpr — S Gy —

=1

¢
E cv)\Gn)\ = Tuy (336)
A=1

where Gy, = G,x, due to homogeneity and isotropy. With the
restriction given previously, all the reacting species under
consideration are dynamically passive. Therefore, the
spectral transfer mechanism should not be affected by the
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chemical reaction, and it should be similar to the pure mixing
case (3.20). We then have

T;w = - (d/dk) (Gﬂvs) (337)
Combining (3.36) and (3.37), we obtain

¢ ¢ d

(ZD,, + ®V)k2GMV - Z cm«Gmf - Z CV)\GM)\ = — 57 (les)
x=1 A=1 dk

(3.38)

where, from (3.22, 3.25, and 3.27), s(k) = le/3%53 in the
inertial-convective range, and the inertial-diffusive range
for (»/D,) < 1, and s(k) = nyk in the viscous-convective
and viscous-diffusive ranges for (v/D,) > 1.

3.2 Stationary Concentration Spectrum Functions
of Species with First-Order Reaction

The solution of (3.38) for various wave number ranges,
together with the extension of the more analytical approaches
by Batchelor'® and Batchelor, et al.,'” will be discussed and
compared in this section. Consider the case of a reversible
first-order reaction; its stoichiometric equation may be

a
S ? S
o1 = cuby + cwb = —ab + b6, (3.39)
@2 = Cnby + cpbs = aby — bl (3.40)

Thus

—Cu = Cu =@ Cla = —Cun =20 (3.41)
where ¢ and & are the forward and backward reaction-rate
coefficients, respectively.

3.2.1 In the inertial-convective range

As diffusive effects are negligible in this range, and with
the s(k) from (3.22), (3.38) reduces to

¢ ¢ d
Z CuxGxV + 2 Cﬂ)\G;z)\ = Cﬁ(} (l61/3k5l 3GI-“') (342)
x=1 A=1

For a reversible first-order reaction, (3.42) becomes

_2aGu + 2bG12 = (‘;‘iig (l61/3k5/3G[1)
d
2aG1s — 2bGy = 2k (€35 3Gay) (3.43)

aGu + bGe — (a + D)Gi = %ﬂ (l€1’3k5’3G12)}

Equations (3.43) are a set of determinant, simultaneous, first-
order ordinary differential equations. The solutions are:

Guk) = k=%3%(a + b) 2[N.b® + Nob exp(Zpk—?3) +
N; exp(3pk—%%)] (3.44)
Gu(k) = k753(a + b) 2[N1a? — N exp($pk—2/3%) 4
N; exp(3pk—%3%)] (3.45)
where
p = 1"le V3¥a 4 b)
N1 = ko3 (Grus + Gooxe + 2Gr24)
No = 2k:53[aGusx — by + (@ — b)Gize] X
exp(—§pks %)
N3 = E3[a?Gus + %Gy — 2abGhax] X
exp(—3pkx 7% |
L+ is the wave number marking the beginning of the inertial-

(3.46)

—— e ——————



1556 Y.-H. PAO AlAA JOURNAL
e
0 22 0
2+ _2 L
10}
o>
°]
S
4 WO -4
] o
o~
10 2
2 o~
2 &
o
61— S ¢
8 -8
AN REVERSIBLE FIRST- ORDER )
REVERSIBLE FIRST-ORDER - A RD
REACTION; —5=So,2, T=0.01 \,\ REACTION; 3=0.2, 5=0.05 \\
IRREVERSIBLE FIRST- ORDER 3
_____ IRREVERSIBLE FIRST- ORDER . —— e E_FIRST-ORE
i REACTION; §=0.2, 5=0 A\ REACTION; §=02, b=0 \
a0 \ 0l \
INERTIAL. CONVECTIVE VISCOUS -CONVECTIVE \
INERTIAL CONVECTIVE VISCOUS-CONVECTIVE
RANGE & DIFFUSIVE RANGE —
: RANGE
} ; vl | —T_ & DIFFUSIVE RiNGE_x'_.
% Lo log k - ~
Log k- < \B‘f ?g By Log k Log kBZ LOQ\.kBI
a2 L L | ! | ol | I LN i
2 g 0 ! 2 N 0 1

Log k
a) Gu(ks) = 0.04, Gua(ky) = 1.0, Gro(ks) = 0.1,
(v/D1) = 700, (v/D) = 350

Log k
b) Gu(ks) = 0.5, Gu(ls) = 1.0, Gio(ks) = 0.8,
(»/D1) = 700, (v/D) = 350

Fig. 3 Sample concentration spectra at large wave numbers of the reactants and the products of first-order reactions:

large Schmidt numbers [k = k/kx, kx = (e/v®)V4 kpu = kau/kx

(1D, =)W 4 ki = (v/D)V2, Gu(k) = Gu(k)/Golles), Gos(k) =

Gool B)/Goa(Fx), Goo(B) = Gio(E)/Gu(Fr), & = af(ev™)V2% b = b/(ev 1)V,

convective range, and G, Gax, and Gy are the values of
Gy, G, and Gy at ks, respectively.

The preceding results reduce to the results for an irreversible
first-order reaction by letting b = 0; we then have the reac-
tant concentration spectrum:

Gu(k) = Nak—5/3 exp(3pk*2’3) (347)

which is identical to Corrsin’s result.#® The product
concentration spectrum is

Gou(k) = k%3 [Ny — Noa™t exp(3pk™%) +
Nia~? exp(3pk—23)] (3.48)

Equation (3.48) reduces to Corrsin’s* ® results for the case
of equal diffusivities.

Sample computations of (3.44, 3.45, 3.47, and 3.48) are
plotted in Fig. 3.

3.2.2 In the viscous-convective and viscous-diffusive
range: large Schmidt number (v/D)>1

In this section, before we consider the reacting cases, we
shall compare in detail the consequences of the generalized
Onsager-Corrsin spectral transfer concept with that of a more
analytical approach by Batchelor for the viscous-convective
and viscous-diffusive range with (/D) > 1. From the ob-
servation that the velocity gradient is approximately uni-
form over regions with linear dimensions not much smaller
than I, = (»3/e)V* and the assumption that the principal
axes of rate of strain rotate with the fluid element and that
level surfaces of 8 are approximately aligned normal to the
direction of the least rate of strain, Batchelor deduced a rela-
tion for the right-hand side of (3.14) as

Z(r, t) = —~r(d/0r) {mm’)(r, 1) (3.49)

Saffman?® suggested that experimental evidence does not
rule out the possibility of rotation of the principal axes of
rate of strain relative to the fluid. With the relative rota-
tion, he considered the requirements for which (3.49) holds
for each realization. These are sufficient conditions for
(3.49) to hold, but may not be necessary. Saffman thus
further suggested that (3.49) is simply a consequence of di-
mensional analysis and the assumption that the transfer
term Z decreases the scale. However, in the following
analysis we shall arrive at (3.49) from a different approach.
Instead of analyzing the phenomena from each realization,
we shall approach it from the point of view of weak statistical
dependence. From (3.14), the transfer term is, with local
isotropy and local homogeneity,

Z@r, t) = ((u — u)-v.(mm")) (r, 1) (3.50)

In the viscous-convective and viscous-diffusive ranges, the
smallest characteristic scales of turbulence are much larger
than that of the m concentration field; we propose that the
statistical connections between the turbulent velocity field
and the concentration field are so weak that

(@ —u)-v,(mm)) (r, ) ~
{Ju — WDV (mm’)(r, 1) (3.51)

For small separation r, (|r| < L)
wXx+rt) =uxt) + Vr (3.52)

where V is the velocity gradient tensor. Combining (3.51)
and (3.52), we obtain

Z(r, ) = ((a — w)-V.(mm"))(r, ) ~
(V- -1|D)v2/0r) mm”)(r, £) = — yr(@/dr){(mm’) (3.53)
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as (3.49). v istaken as the least turbulent straining rate at x.
Thus, we have shown that the relation (3.49) deduced by
Batchelor can be considered a consequence of the argument
that, in the viscous ranges for (v/%) > 1, the statistical con-
nections between the velocity and concentration fields are
weak and that the fields are locally -isotropic and homo-
geneous within a small region [r| < l.. Putting (3.53) in
(3.14), and transforming the resulting equation to wave
number space with stationarity, one obtains!'®

2Dk = vF + vyE(dF/dk) (3.54)
which is identical to (3.21) with s = —+4k. Thus, Batche-
lor’s straining concept is identical to the generalized Onsager-
Corrsin coneept with s = — vk,

Then, for the cases of first-order reactions in the viscous-
convective and viscous-diffusive ranges, we have

¢ ¢
(;D;z + 3)V)k2G}£V - Z c,uxGxV - Z cv)\Gu)\ =
x=1 A=1

4Gy,
YGur + Yk o (8.55)

Equation (3.55) can be considered either as the consequence
of (3.38) by taking s = —~k (generalized Onsager’s spectral
transfer concept) or as the extension of Batchelor’s uniform
straining concepts to the reacting cases.

We shall demonstrate the solutions of (3.55) again with
the reversible first-order reaction. Equation (3.55) becomes

2Dk*Gn + 200 — 2bGhs

d
’YGn + 'Yk diln“ Gu

d
2D:k2Gy — 2aG 2bGo = y(Ga k — G
2 22 aGhs + 22 YG2 + v FRE (3.56)

(3)1 + 332>k2G12 + (a -+ b)Glz — ally — bGe =

d
— Gy

YGh + vk 7

In the viscous-convective range, the diffusive effects, which
are the leading terms in (3.56), are negligible. With the
leading terms neglected, the solutions of (3.56) are

Gulk) = k=Ha + b) "2(Lb? + Lsbkle+®)/r 4

Lskz(a+b)/7>
(3.57)
Gu(k) = k' (a + b) 2 (La? — Loak(etd/v 4
L3k2(“‘+b)/7)
where
Ly = k4(Gut + Gut + 2Guy)
Ly = 2k(aGuy — bGui + (@ — b)Grap)ki—(@+/
Ly = kt(@Gut + bGay — 2abGhop)ly—2a+0)/7

k+ marks the beginning of viscous-convective range and
Gui, Got, and Gt are the values of Gy, Ga, and Gy at ky,
respectively. «

Equation (3.57) reduces to the results for an irreversible
first-order reaction by letting b = 0. Again, for b = 0, Gy
and G reduce to Corrsin’s? 8 result for the case of equal
diffusivities.

For the viscous-diffusive range with (v/D) > 1, where the
diffusive effect is important, one has to include the leading
diffusive term. For equal diffusivities, the solutions are
(3.57) multiplied by exp[(D/y)k?]. For nonequal diffusivi-
ties, we are unable to find closed form solutions for (3.56),
but (3.56) are solved numerically for two sample cases and
plotted in Fig. 3.
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3.2.3 In the inertial-diffusive range: small Schmidt
number (v/D) < 1

Corrsin‘ has applied the concepts introduced by Batchelor,
et al.’® to obtain the concentration spectrum functions for the
reactant of a first-order irreversible reaction. In this section,
we shall show that the concepts can be applied to obtain the
reactant and the product concentration spectrum functions
for all types of first-order reactions with equal diffusivities.
To illustrate, let us again take the case of a reversible first-
order reaction. ILet 6; and 6, be the reactant and product
fluctuating concentration fields, respectively. With local
homogeneity and isotropy and O = 9, = D, from (3.29,
3.39, and 3.40), we obtain

(b@l/bt) + U'V01 = ZDV201 — a01 + b02 (358)
@0,/0) + u-v6y = DV, + af, — b6, (3.59)

Define the generalized Fourier transforms®
0k, &) = (2m)= j; u(x, e dx (3.60)
P& ) = 2m)— fx 8.(x, De—=% dx  (3.61)

Ak, t) = (2m)— fx mx, He=&Xdx  (3.62)

The generalized Fourier transform of (3.58) and (3.59) be-
come
(0/00)P,(k, t) + ifk’-Q(k — k', ) Py(K/, t)dk’ =
—Dk2Pi(k, 1) — aPi(k, £) + bP(k, t) (3.63)
(/M) Py(k, ) + ifk’-Qk — K/, )Pso(k’, H)dk’ =
—DEkPy(k, 1) + aPi(k, t) — bP:(k, 1) (3.64)
From (2.6, 3.61, and 3.62) we have
Pk t) = A(k, HALD (3.65)
Consequently, we have
P& 0P, * & t) = Ak, HA*&, HALOAEL =
P,k )P, Kk, ) (3.66)
Thus,

ey -wny L

(PuPX) (P,P,*) = (P,P,*)"

where the superseript * denotes the complex conjugate.

In the inertial-diffusive range, from the argument of
Batchelor, et al.,’" one expects that the P,(k’) will decrease
rapidly as k' increases beyond ks = (¢/D3)V* because of the
diffusive effects, then the contribution to the mtegrals in (3.63)
and (3.64) are mainly from the range &’ < k.. But, since
the wave number k in the inertial-diffusive range is much
greater than £,

B« |k - k|

This enables us to neglect the statistical connection between
Qk — k’) and P,(k’). Applying the arguments by Batche-
lor, et al.1? to the present problem, the terms 0P/t and 0P,/
ot in (3.63) and (3.64) would cancel the corresponding small
contribution to the integrals from values of k’ near k. Then,
multiplying the remainder of (3.63) and (3.64) by its own
complex conjugate, with isotropy and (3.67), we have

{(Dk2 4+ a)(PuR)P*(K)V2 — b(Py(k)Py*(k))V/2}2 ~
3 3
JE XY kk(Qilk — K)Q,*(k — k') X

i=1j=1
3
PP *K'))dk'dk’ ~ <Z1 Qz(k)Qi*(k)> X

SEHP (&P *(&))dk’  (3.68)
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Fig. 4 Sample concentration spectra at large wave numbers of the reactants and the products of first-order reactions:
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= Gu(k)/Goo(kr), Gia(k) =

{(DF? + )P P*(1))V* — a(Pi(B)P*(K))V2}? ~
<-§ Qi(k)Qi*(k)> SR PR Pr(k))dk’ (3.69)

With isotropy,

Guulk)

(PURIPAW) = 4

(3.70)

3 -
E k)
(K)Q:* (k =

3 awerw ) - 28
From (3.68-3.70), and with the turbulent energy spectrum
function E(k) =~ €352 in this range, we obtain

1 (DE? + b)xuV* + bx221/2}2

Gn(k) = g e3P —3f—11/3 { Dk + a + b

(3.71)

(Ok? + a)x2"? + axu'/?|?
Dk +a+ b

Gulk) = % €23y ~3~11/3 {
(3.72)

where xu and Xz are the diffusive rates of (6,2 and {6:?),
respectively. - With & = 0, (3.71) reduces to the reactant
concentration spectrum of an irreversible first-order reaction
as obtained by Corrsin.* With b = 0, (3.72) reduces to the
product concentration spectrum of an irreversible first-order
reaction as obtained by Pao.’® Using relation (3.67), the
preceding approach can be applied to other types of first-
order reactions with equal diffusivities.

For the more general cases of first-order reactions with
nonequal diffusivities, we cannot find relations similar to
(3.67), therefore, the preceding approach will not yield con-

= (D34 (e Ut = (v/Dy)¥%, Gul(k) =
Gra(R)/Goalkes), & = af(ev™)V% b = bf(ev=1)12).

Gll(k)/GZZ(k* ); G22(k>

crete results. The unified spectral transfer coneept becomes
very useful in this case. For small Schmidt numbers, s(k) =
1eY/3k53 in both the inertial-convective and inertial-diffusive
ranges; then (3.38) becomes

¢ Iy
(5~)u + S)y)kZG;w - Z C,uxGxV - Z Cy)\Gu)\ =

x=1 A=1
— i (IeV333G,,)  (3.73)
dk H
For a reversible first-order reaction, (3.73) becomes

23)1]62Gu + 2aG11 _ 21)0’12

— %ﬂ (1113536,

d
23)2]02ng — 2&G12 + 2bG22 = — E]_C (lellskslstz)

(3.74)
(D1 + Dk2Gie + (a + b)G — alGy — bGyn =

d
—_ d_k (lell3k5/3G12)
Equation (3.74) is also solved numerically. Two sample
computations are plotted in Fig. 4.

4. Discussion

For the given initial conditions (2.1), the reacting concen-
tration fields are related to the nonreacting field by (2.2).
Relation (2.10) admits the more general initial conditions
(2.9). Relations (2.2) and (2.10) are useful for pure-initial
value problems. We are so far unsuccessful in the search
for similar relations for the mixed initial- and boundary-
value problems.



SEPTEMBER 1964

With the concepts of local isotropy and local homogeneity,
and by following the migration of a spectral element, a unified
spectral transfer concept is deduced. It enables us to predict
the concentration spectra of a reacting multicomponent mix-
ture (as well as a nonreacting mixture) for large wave num-
bers. The consequences of this concept are compared with
those of other spectral transfer concepts. Measurements of
concentration spectra of reacting or nonreacting species at
large wave numbers are anxiously awaited.

As a step toward further understanding of the general
problem of turbulent mixing with chemical reaction,?' the
investigation of weak exothermic reactions is under way. We
hope to report some results in the near future.
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